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Abstract

In this paper, we investigate the result of fixed point in very recently defined ¢ -chainable S, -
metric space by using rational expression . Our result generalize and extend the theorem 3.3

of Pagey and Malviya [9] in ¢ -chainable S; metric space [7].
AMS Subject classification: 47H10, 54D05

Key words: - ¢ -chain, & -chainable Sb' metric space, Chainable Sb—metric space, rational inequality
e Fixed point theorem.
1- Introduction and Preliminaries

In 2012, Sedghi et al.[11] defined a generalization of G metric space which is called
S- metric space. In 2016, Souayan N. et al. [13]introduced the S,-metric space as a
generalization of the b-metric space and S metric Space , and proved some fixed point
results under different types of contractions in a complete S,-metric space. In 2017,
Rohen Y et al. [10] modified the definition of S,--metric and prove some coupled
common fixed point theorems in S;,-metric space.
On the other hand, as long back in 1983 Cantor defined connectedness with the help of
£ -chains which have been studied extensively by many mathematicians [see Reference
1,2,3,4,5,6,8] .
Very recently Malviya.[7] definfed & — chain in S,-metric space with examples and
proved a fixed point theorem using Hardy Rogers contraction condition. In this paper,
after introduction and preliminaries in section 2, we have proved a fixed point theorem
using rational expression. Our result extende and generalize the theorem 3.3. of Pagey
et.al.[9]
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Definition 1.1[10]: Let X be a nonempty set and s > 1 be a given real number. An S;,- metric on
X is a function S,: X3 — [0, o) that satisfies the following conditions for all x,y, z,a € X.

1. Sy(x,y,z)=0ifandonlyif x=y =12z
2 Sp(x,v,2) <s[Sp(x,x,a) + Sp(v,y,a) + S,(z,2,a)]
Then the function S, is called an S,- metric and the pair (X, S;) is called an S,-metric space.
Definition 1.2[10]. Let (X, S;,) be a S,-metric space then S, is called symmetric if
Sp(x,x,y) =S,(v,y,x) Vx,y € X (Symmetric Property)

For the definitions of convergence and Cauchy sequence in S, metric space reader can refer
[10,12 and 13]

Definition 1.3 [7]:- Let (X, Sp) be a S,,-metric space. An - chain is a finite succession of points
Ag, A1 Ay eevv Q1,0 IN X such that S,(a;—y , a;—1, a;) <efori=12...,n The
integer n is called the length of the ¢ - chain

Definition 1.4[7] :- An space (X, S, ) is € -chainable (e -connected) if every pair of points in
it can be joined by an e -chain of points in the set X and ( X, S, ) is called chainable if it is € -
chainable for each positive ¢ .

The space (X, S, ) is called complete chainable S,-metric space if every Cauchy
sequence converges in it.

Throughout this paper length of ¢ -chain between any two points x and y in X means length of

shortest € -chain between points x and y in X.

Example 1.5[7] X=A U B and S, be the metricon X x X x X to R*defined by
Sy(x,y,2z) = (|lx — z| + |y — z|)? where

A={1,1/2,1/3}and B={ 1/22, 1/3%, 1/4%}

Then'Y is ¢ - chainable for e = 1 and length of biggest € -chain in X is 5.

Example 1.6 [7] : Let (R, S;,) be the S;,- metric space as defined in Example 1.5and Y =AUB
where A= [1,2) and B= (2,3]. Then (Y, S,)) is a disconnected subspace of (R, S;) butis ¢ -

chainable for every & >0. If ¢ = 1 then length of biggest & -chain in space (Y, S;)) is 5.
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2.Main Result: The following result provides the application of rational inequality to find
fixed
point in S, metric space

Theorem 2.1: Let (X, S,) be a complete ¢ -chainable S,-metric space and let f, g be two self

maps of X ,if
S5, f2)? + Sp(x, %, 9¥)?
€ = S ( X, TX, ) <c
b f f gy [ Sb(y'y’fx) +Sb(x;x:gy)
forall xyeX where aj, ay, as, a,, as are non negative reals. And S, (y, y, fx) +

Sp(x,x,9y) # 0

o (1)

0< Msc< % and c <1 ... (2)

where M is the length of the biggest ¢ -chain in space (X, S) suchthat M > 0. Thenfand g
have unique common fixed point.

Proof. We define a sequence {x,} as follows
[Xan+1 = Xon and gxzn4z = Xop41 for n=0,123 - —

If x

e =Xon = Xon,, TOr SOMe N, then we see that x,, is a fixed point of f and g therefore

2n+1

we suppose that no two consecutive terms of sequence {x,,} are equal. If N is the length of

£ -Chain between x,,,,,; and x,,,, then g -chainability of (X, S,) gives.

Sp(X2n+1 » X2n+1 » X2n+2) < N¢
< Me as M >N
= MS,(fXan+1 [ Xon+1 »GXon+2)  USING (1)

2 2
Sp(X2n42 » X2n42 SXoni1 ) +Sp(%2n+1 X2n41 ,gx2n+2)
Sb(x2n+2 » X2n+2 ,fx2n+1 )+5b(x2n+1 X2n+1 'gx2n+2)

< Mc[

2 2
_ MC[Sb(x2n+2 s Xon42 X2n ) +Sp(Xont1 Xont1 X2nt1)
Sp(*2n+2 » X2n+2 Xon )+Sp(X2n41 X2nt1 X2n+1)

= Mc[Sp(X2n+42 » X2n+2 X2n )]

< Msc[Sp(X2n+2 » Xons2 Xon+1 ) + Sp(X2nt+2 » Xon+2 Xont1 ) +
Sp(Xon » Xon Xon+1 )]

= Msc[Sp(X2n+1 » Xont1 X2n+2 ) +Sp(X2n+1 5 Xons1 Xont2 ) +
Sp(X2n » X2 X2n41) ]
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(1 — 2Msc)Sp(X2n+1 » Xont1 Xons2 ) < Msc[Sp(Xan , Xon Xoni1 )]

Msc

(—2Ms0) [Sp (xZn » Xon Xon+1 )

Sp (x2n+1 » Xon+1,X2n+2 ) <

In general

Sb(xn , xn,xn+1) < %[Sb(xn—l » Xn—1,%Xn )

Msc
(1-2Mc)

= Sp(xn , Xn Xng1) < k[Sp(xn—1 , Xp—1 X ) Where k =
= S, (X, Xn  Xne1 ) = k™ Sp(xg ,x0 , %1 ) for n=1,23——
Now we prove that {x,} is a Cauchy sequence, if p is any positive integer then we have.
= Sp(Xn,%n s Xntp ) < 25Sp(Xn %0 Xnt1 ) + SSp(Xn+p » Xnip »Xns1 ) by 2 Of definition 1.1

=258, (%n , Xn ,Xn41 ) + SSp(Xna1,Xnt1 »Xn4p ) DY Symmetric property

=< 2SSb(xn »Xn o Xn+1 ) + 2525‘b(xn+1'xn+1 » Xn+2 ) + SZSb(xn+p »Xn+p » Xn+2 )
= Sb(xn'xn 'xn+p ) =< 2S‘S‘b(xn 1 Xn ) Xn41 ) + 25'25b(xn+1'xn+1 »Xn+2 )

25n+p5b (xn+p—1 » Xn+p—1 »Xn+p )
= Sp(Xn,%n s Xn1p ) < 25k™ Sp(xg , %0 ,x1 ) + 252k™ 1 S (o , X0 , %1 )
..... + 2s™PEMPTL S (% , X0 X1 )

= Sp(Xn, %0 Xntp ) < (2sk™ 4 252k™ L H2sMPEMPTLNS, (xg L x0 X )

2sk™
= Sb(xn'xn 1 Xn4p ) < msb(xo » X0 » X1 )

Asn - o ,Sy(xn,Xn , Xnip ) > 0
Therefore{x,, } is a Cauchy sequence in X. As X is a complete space so there exists a point x in X such
that limx, =X .

n—oo

Existence of fixed point :

Consider
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Sp(x,x, gx) < 285,(%,x, X21,) + Sp (X0, X210, gx) by Definition 1.2 and 2 of definition 1.1

= Sp (%, %, g%) < 28, (X, %, X20) + Sp(f Xy, 10 [ X115 9X)

< 2S,(x,x,x5,) +
[Sb(x,x,fx2n+1)2+Sb(x2n+1,x2n+1,gx)2
Sp(ex, fXoan+1)+Sp(X2n+1,X2n+1,9%)

< 2S,(x, x,x5,) +
[Sb(x:x:fx2n+1)2+Sb(x2n+1:x2n+1r!}x)2
Sp (X, f X2n+1)+Sp(X2n+1,X2n+1,9%)

2 2
Sy (XXX 21)°+S5p (X 2n 41, X2n+1,9%)
Sp(ex,x2n)+Sp(X2n+1,X2n+1,9%)

= 25,(x,x,x5,) + [

As {x,,..} and {x,,}are subsequences of {x .}, asn = 00, x;,,1 = X, X35, = X

as n— oo X,, = xand x,,,, > X

Sp(x,x,gx) < cSp(x,x, gx)
= (1-0)S,(x,x,gx) <0 (asc<1)
= S5,(x,x,gx) =0
= gx=x
Again
Sy (X, %, fx) < 28, (%, X, Xan41) + Sp(fx, fx, gx,, ,,) by Definition 1.2 and 2 of definition
11

= Sp (%, %, gx) < 285, (X, X, X2n41) + Sp(fX, fX, g%, . »)

Sp(X2n+2X2m+2.f%)2+8p(X,%,9%2n+2)°
< 2S,(x, %, Xop41) + [
Sp(X2nt2.X2n+2,fX)+Sp(X,X,9X2n42)

2 2
Sp(X2n42.X2n42,f %) +Sp(X,%,X2n+1)

=2S,(x,x,x +c
b( T 2n+1) [ Sy(Xz2n+2.X2n+2,fX)+Sp(X,X,X2n+1)

As {xyn413and  {xy,4,} are subsequences of {X.}, asn = ©0,xy,11 = X, Xop42 =2 X
Sp(x,x, fx) < cSp(x,x, fx)
= 1-0)S,(x,x, fx) <0 (asc<1)
= S,0,x,fx)=0
= fx=x

Uniqueness:- Let u be another fixed point of f and g
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Sp(uu,fx)%+Sp (x.x,gu)z]
Sp(uu,fx)+Sp(x,x,gu)

Sp(fx, fx,gu) <c [

Sy(u,u, %)% + Sp(x, x,u)?
Sp(u,u, x) + Sp(x, x,u)

= Sp(fx, fx,gu) < c|

= Spy(u,u,x) < cSp(u,u,x)
= 1-0)S,wux)<0
=S,(uu,x)=0 asc<1

= uUu=x

This complete the proof.
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