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Abstract

In present paper, we introdue the notion of & -chain in S;,- metric space and provide some
supporting examples. As an application of & -chain we prove a result of fixed point using Hardy
Rogers[8] contration condition . Our result generazied and extend the theorem 3.1 of Pagey
and Malviyal [9] in S,- metric Space[10].
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1- Introduction and Preliminaries

In the history of topology & -chain plays a very important role in defining
connectedness in metric space. Firsty in 1883 Cantor defined connectedness with the
help of ¢ -chains which have been studied extensively by many mathematicians [see
Reference 1,2,3,4,5,6,7] .

As long back Hardy Rogers[8] defined a generalization of contraction map and
proved fixed point theorem. In 2009, Pagey and Malviya [9]proved many fixed point
theorems in € -chainable metric Space. On the other hand. In 2012, Sedghi et al.[11]
defined a generalization of G metric space which is called S- metric space. In 2016,
Souayan N. et al. [13]introduced the S;-metric space as a generalization of the b-
metric space and S metric Space , and proved some fixed point results under different
types of contractions in a complete S, -metric space. In 2017, Rohen Y et al. [10]
modified the definition of S,--metric and prove some coupled common fixed point
theorems in S;,-metric space.

After introduction and preliminaries in section-2 we have defined € — chain in S, -
metric space with examples and proved a fixed point theorem using Hardy Rogers
condition.

Definition 1.1[10]: Let X be a nonempty set and s > 1 be a given real number. An S;- metric on
X is a function S,: X3 — [0, o) that satisfies the following conditions for all x,y, z,a € X.

1. Sp(x,y,z)=0ifandonlyif x=y =2z
2 Sp(x,y,z) < s[Sp(x,x,a) + S, (y,y,a) + Sp(2,2z,a)]

Then the function S, is called an S;,- metric and the pair (X, S,) is called an S;,-metric space.
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Definition 1.2[10]. Let (X, S;,) be a S,-metric space then S, is called symmetric if
Sp(e,x,y) =S,(y,y,x) Vx,y € X (Symmetric Property)

For the definitions of convergence and Cauchy sequence in S, metric space reader can refer
[10,12 and 13]

2.Main Results :

Definition 2.1:- Let (X, S;) be a S,-metric space. An - chain is a finite succession of points
Ag, A1 Ay eevv Q1,0 IN X such that S,(a;—y , a;—1, a;) <€ fori=12...,n The
integer n is called the length of the & - chain

Definition 2.2 :- A space (X, Sp) is € -chainable (e -connected) if every pair of points in it can
be joined by an ¢ -chain of points in the set X and ( X, S}) is called chainable if it is £ -chainable
for each positive € .

The space (X, S,) is called complete chainable S,-metric space if every Cauchy
sequence converges in it.

Throughout this paper length of ¢ -chain between any two points x and y in X means length of

shortest € -chain between points x and y in X.

Example 2.1 X=A4 U B and S, be the metricon X x X x X to R*defined by
Sy(x,y,2z) = (|lx — z| + |y — z|)? where

A={1,1/2,1/3}and B={ 1/22, 1/32, 1/4%}

Then Y is € - chainable for e = 1 and length of biggest € -chain in X is 6.

Example 2.2 : Let (R, Sp) be the S,- metric space as defined in Example 2.1 and Y = AUB
where A= [1,2) and B= (2,3] Then (Y,d) is a disconnected subspace of (R,d ) but is ¢-
chainable for every ¢ >0.1f £ = 1/4 then length of biggest & -chain in space (Y,d) is 5.

Theorem 2.1: Let (X, Sp) be a complete ¢ -chainable symmetric S;-metric space and letf, g
be two self maps of X ,if

€ =S,(fx,fx,gy)
< a8y (6 x, fx) + axSp (0, y, gy) + azSp(x,x, gy) + asSp (v, y, fx)
+asSy(x,x,y)__(1)

forall x,yeX where ay, a,, as, a,, as are non negative reals. And

Ms(a, +a,+as+3a,+as)<1........(2)
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where M is the length of the biggest ¢ -chain in space (X, S) suchthat M > 0. Thenfand g
have unique common fixed point.

Proof. We define a sequence {x,,} as follows
[Xan+1 = Xon and gXoniz = Xop4q for n=0,123 - —

If X, =%,.; =X%,,,», for some n, then we see that X, is a fixed point of fand g
therefore we suppose that no two consecutive terms of sequence {x,,} are equal. If N is
the length of ¢ -chain between x,,,,1 and x,,,., then & -chainability of (X, S;) gives.
Sp(Xan+1 » X2n+1 » Xan+2)< Ne

< Me¢ asM =N

= MSy(fX2n+1 [ Xon+1  9%2ns+2)  UsiNG (1)
< M{a;Sp(X2n+1  Xon+1 » [Xon+1)t 2Sp(Xan+2 » Xan+2 » 9X2n+2)
+a3Sp (Xan+1  Xan+1 » 9X2n+2)* A4Sy (Xan+z » Xan+z » [X2n+1)t AsSp (X2nt1 » X2nt1 » X2n+2)}

=M{a1Sp(X2n+1 » Xon+1 > X2n )T A28y (Xont2 » Xons2 » Xone1 )H+a3Sp(X2nt1 » Xone1 » X2nt1 )t

+a4Sp(X2n+2 » Xon+2 »X2n)* AsSp(Xan41 » X2n+1 » X2n42)}

= M{alsb(xZn 1 Xon » Xon+1 )+ (az +

as )Sp(Xan+1 » Xon+1 » Xane2 )+ AaSp(Xont2 » Xan42 » X2n)

(by symmetric property and 1 of definition
1.1)

< M{a Sp(X2n » Xon » Xont1 )+ (@2 + a5 )Sp(Xans1 » Xont1 » Xans2 )+
+a,[S{Sp(X2n+2 » X2n+2 » X2ne1 ) + Sp(X2n+2 » Xon+2 » Xons1 ) + Sp(Xon, Xon » X2n+1 )} ]

< M{(a; + 5a)Sp(X2n s X2n s Xon41 V¥ (a2 + as + 25a4 )Sp(Xon+1 » X2n+1 » X2n+2 )}

= [1 =M (a, +2sa4 + as )]1Sp(Xon+1 » Xon+1 » Xon+2 ) < M{(a; +

5a4)Sp(X2n » Xom s X2n41 )}

M{(a; + sa,)
1—M(a, +2sa, + as )]

= Sp(Xan+1 ) Xon41 s Xon42 ) = [ Sp(Xan »X2m » X2m41 )
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In general
M(a, + say)
[1—M(a, +2sa,+ as )

= Sb(xn'xn 1 Xn+1 ) = ] Sb(xn—l 1 Xn—1,%Xn )

M{(a,+ say)
[1-M (a, +2sas+ as )]

= Sy Xy, Xy X1 ) =k Sp(Xp—q1 ,Xp—1 ,%, ) Where k =
= Sy (X, Xn , Xne1 ) = k™ Sp(xg ,x9 , %1 ) for n=1,23——
Now we prove that {x,} is a Cauchy sequence, if p is any positive integer then we have.
= Sb(xn,xn » Xn4p ) < 25Sp(Xn ,Xn  Xp41 )+ sSb(xn+p  Xnap » Xn+1 ) by 2 of definition 2.1
= 258y (%n , %n Xn+1 ) + SSp(Xn+1,Xn+1 ,Xn+p ) by symmetric property

2 2
< 2885y (Xn , Xn s Xpg1 ) + 25°Sp (Xna1, Xng1 » Xngz ) +S Sb(xn+p »Xn+p » Xn42 )

= Sb(xn:xn » Xn+p ) < 258, (X Xy Xpg1 ) + 2578y (Xps1 s Xn1 » Xnaz )
......... + 25™P Sy (Xn4p—1 » Xn+p—1 » Xn4p )-
= Sp(Xn,%n s Xn1p ) < 28k™ Sp(xq %o , %1 ) + 252k™ 1 Sp(xg , %0 , %7 )
..... + 2s™P PTG, (%o , %0 , X1 )
= Sp(Xn, %0 Xntp ) < (2sk™ + 252k™ L H28MPEMPTINS, (xg L x0 Xy )

2sk™
= Sb(xn:xn :xn+p ) <m5b(x0 »Xo X1 )

Asn — o ,Sp(xp, %y , Xp4p ) = 0

Therefore{x,, } is a Cauchy sequence in X. As X is a complete space so there exists a point x in X such
that limx, = x .

n—oo

Existence of fixed point:
Consider

Sp(x,x, gx) < 255, (%, %, X21,) + SSp(X2n, X2n, gx) by 2 and symmetric property
Sp(x,x, gx) < 28Sy(x, x, X20) + 5Sp (fX2n41, [X2n41, 9X)

< 285, (%, %, X20) + 5{a1Sp (Xon+1, X2n+1, fX2n+1) + 285 (X, X, gx) + a3Sp (Xzn41, X241, 9X)
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+a4Sp (%, X, fXon41) + asSp(Xani1, X2nt1, %)}
= Sp (%, %, X20) + 5{a1Sp (Xzn41, X2n+1, X2n) + @25y (X, X, g%) + 38y (X2n41, X2n+1, %)
+a4Sp (%, %, %20) + a5Sp (Xzn41, X2n+1, %)}
As {X,, .} and {x,,}are subsequences of {X .}, as n— o Xx,, — xand X,,., = X
Therefore
Sp(x,x,9x) < s(ay + a3)S,(x, x, gx)
= [1—-s(a, + a3)]|Sy(x,x,9x) <0
= Sp(x,x,9x) =0ass(a, +az) <1by2
=gx=x

Similarly we can prove fx = x. This shows that x is common fixed point of fand g.
Uniqueness: Let u be another fixed point of fand g

Sp(x, x,u) = Sp(fx, fx, gu)

< aySp (%, x, fx) + a,Sp(w, u, gu) + aszS,(x, x, gu) + a,S, (w, u, fx) + asS, (x, x,u)
= a5, (%, x,x) + a, S, (w, u, u) + azS,(x, x,u) + a3Sp (W, u, x) + asS, (x, x,u)

< (az + a4 + ag)Sp(x, x,u) by symmetric property of S,

= [1—(az +a,+as)]|Sp(x,x,u) <0

= S,(,x,u)=0 as(az+as,+as)<1
=x=u

This complete the proof
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